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Color Bands
The use of horizontal or vertical color bands as anchors or directional elements is another 
core visual identifier of the Sandia brand. Color bands can be used with transparentcy or 
shades to depict Sandia’s intersection with internal and external communities. They can  
be used as headers, footers, or intersecting with photos and within graphic treatments.  
Additionally, the bands can contain typography and can be used in any brand color. 

By combining transparancy and shades of colors from the brand pallet, you can create  
custom color bands that can be used to subtly accent your design. Do not use these larger 
than .25” thick so as not to overwhelm the brand. 
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Color Bands
The use of horizontal or vertical color bands as anchors or directional elements is another 
core visual identifier of the Sandia brand. Color bands can be used with transparency or 
shades to depict Sandia’s intersection with internal and external communities. They can  
be used as headers, footers, or intersect with photos and other graphic treatments.  
Additionally, the bands can contain typography and can be used in any brand color. 

By combining transparency and shades of colors from the brand palette, you can create  
custom color bands that can be used to subtly accent your design. Do not use these larger 
than 0.25 in. thick so as not to overwhelm the brand. 
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1) PRODUCT/SERVICES CATEGORIES

1-A) Name of Product

Multiscale Inverse Rapid Group-theory for  
Engineered-metamaterials (MIRaGE)

1-B) List of categories for consideration

Category: Software/Services  

Subcategory: Software
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2-A) Submitting organization

Sandia National Laboratories (SNL)

2-B) Co-developing organization

Stellar Science LLC 

2-C) Product/service brand name

Multiscale Inverse Rapid Group-theory for  
Engineered-metamaterials (MIRaGE)

2-D) Was the product introduced to market 
between 1/1/18 and 3/31/19

Yes

2-E) Regulatory approval for product 

Not Applicable

2) R&D 100 PRODUCT/
SERVICE DETAILS

2-F) Price of product/service in U.S. dollars

Sandia National Laboratories has asserted Government 
Use Copyrights as well as Commercial Use Copyrights 
and is in the process of licensing the software. The 
current release of MIRaGE is available free to research 
facilities engaged in government-funded research.

2-G) Short description of the product

MIRaGE is the first design software using inverse design 
for metamaterials. Desired optical properties are 
related to groups of material symmetries possessing 
the desired properties. MIRaGE supports design, 
simulation, and optimization of metamaterials. MIRaGE 
is user friendly at various levels of proficiency and runs 
on a variety of platforms.

2-H,I) See Digital Submission

2-J) Photos and video link 

YouTube: https://youtu.be/WCwfZZHSwjI
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3) PRODUCT SERVICE DESCRIPTION

3-A) What does the product or technology do? Describe its principal application(s)

Designers today encounter optical requirements 
needed for cutting-edge applications that may not 
exist in natural materials or in the expanding world of 
metamaterials (human-designed structures that do 
not appear in nature). Particular optical properties, for 
example, might be needed for applications such as 
cloaking/camouflage of assets or compact aberration-
free imaging systems. They might even someday result 
in miniaturized versions of the Hubble Space Telescope. 
Experimental or perhaps intuitive approaches, good 
luck, and considerable calculation could eventually 
lead a designer to a metamaterial with 
suitable properties, but this has been a 
tedious hit-or-miss process. The field of 
metamaterials needs a design process 
that can keep with the demand for 
innovations, and MIRaGE is that 
solution.

MIRaGE, a unique software created 
by Sandia National Laboratories 
under a Defense Advanced Research 
Projects Agency (DARPA) contract, 
uses scientific knowledge developed 
from molecular spectroscopy on how 
the symmetry of a natural molecule affects 
its optical behavior and properties to design a 

Figure 1: Examples 
of 3D tiling options 
of metamaterial unit 
cells in MIRaGE: (a) 
Face-centered cubic 
tiling. (b) Simple 
cubic tiling

A.

B.
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By starting with properties desired for an application, 
the researcher can use the inverse design concept to 
accomplish the design, simulation, and optimization 
of metamaterials. In the past, finding a particular 
behavior remained largely accidental, or at best limited 
to incremental improvements on an already known 
behavior by utilizing the user-friendly MIRaGE interface 
to specify properties, the burden of exacting research is 
lifted, and a designer might accomplish in minutes what 
used to take months or years.

metamaterial with comparable properties. By making 
the comparisons that molecules in chemistry are 
analogous to metamolecules (artificial man-made unit 
cells) in electromagnetics and that therefore molecular 
modes of vibration are analogous to the fundamental 
resonant electrical current modes in a metamaterial, 
the principles of symmetry and point groups can be 
translated to electromagnetics. This serves as the basis 
for the design of metamaterials using MIRaGE, a tool 
that facilitates the quest for unusual electromagnetic 
behaviors that can be associated with optical properties.

Figure 2: Interactive electromagnetic tensor and 
drop down menu used by user to specify desired 
electromagnetic behavior
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Figure 3: Example of Interactive symmetry checks 
for a meta-atom in MIRaGE

Not only does MIRaGE ensure finding a 
design that exhibits a desired behavior, 
it also uses some of the most powerful 
autonomous optimization techniques to 
maximize the real-world performance of 
a design. MIRaGE also allows the user to 
fold in any fabrication constraints that 
ensure the realizability of a given aspect 
of the metamaterial geometry. With 
MIRaGE, the bounds on the designer’s 
imagination are removed, and as 
long as the outcome is physically 
possible, then MIRaGE will find a 
superior design. All solutions set 
forth by MIRaGE are physically possible 
because of its Group Theory foundation (i.e., 
the members of a group sharing fundamental 
properties will exhibit the same optical qualities).

MIRaGE’s Expert approach allows the user familiar with 
Group Theory to customize inputs towards a solution. 
The Guided approach nudges the user through 
options and helpful error messages, and the Template 
approach allows a novice user to arrive at a solution 
that incorporates the desired optical properties by 
following a few recipe steps that require practically 
no Group Theory knowledge. The user can also 
consult the library to search for pre-design solutions. 
MIRaGE includes an extensive library of predesigned 
meta-atoms and metamolecules in various unit cell 
geometries and symmetries that exhibit the possible 
electromagnetic functionalities. The library can be 
shared by designers across the world and be modified 
and updated to grow almost without limits. The library 
can further be used as an intelligent starting point for 
a target behavior. Indeed, MIRaGE enables the creation 
of a meta-periodic table, the artificial equivalent of the 
natural periodic table of elements that, as in chemistry, 
allows one to combine or mix meta-atoms or even 
metamolecules to achieve new functionalities. MIRaGE 
thus accommodates a variety of skill levels and designer 
preferences in a user-friendly software package.

3-B) How does the product operate? 
Describe the mechanism of action, theories, 
materials, composition, or construction.

MIRaGE software works by relating optical properties 
desired in a metamaterial to a set of molecular 
symmetries known to possess those properties. By 
using Group Theory, MIRaGE enables, for the first time, 
intelligent and rapid inverse design, simulation, and 
optimization of metamaterials with desired optical 
properties. It operates across length scales ranging 
from the nm-scale of a metamaterial element to the 
cm-scale of a metamaterial optical system. It further 
accounts for any fabrication constraints that the 
designers might experience in the chosen method 
for realizing a design. Using MIRaGE, engineers and 
scientists can design the tiny repeating structures that 
make up metamaterials in countless variations.
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(d) Magnetic quiver field plot and  (e) Generated time harmonic electric field response  
(f) Transmission and reflection scattering coefficients. 

possible. The library function draws on an extensive 
and expanding experimental base to suggest viable 
starting points for the design.

Not only does MIRaGE guarantee finding a design that 
exhibits the desired qualitative behavior, it also features 
powerful autonomous optimization techniques to 
enable the user to maximize the design’s real-world 
performance in a rigorous, robust, and accurate 
manner.

MIRaGE software gives its user an advantage in 
the quest for unusual electromagnetic behaviors 
appearing as optical properties of new metamaterials 
being constructed in the laboratory. Of eighteen 
possible electromagnetic classes (tensors) of 
behaviors, only a handful have been realized. This is 
because there is an enormous number of possibilities 
that have previously been navigated largely by intuition, 
regardless of the optimization techniques used. With 
the advent of MIRaGE, the researcher can design and 
produce metamaterials that are certain to be physically 

A.

D.

B.

E.

C.

F.

Figure 4: Example of data processing and manipulation in MIRaGE: 

(a) Graphical depiction of orientation  (b) Example of Metamaterial unit cell being simulated  
(c) 3D meshed version of meta-atom
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4) PRODUCT COMPARISON

Feature MIRaGE
CST 

Microwave 
Studio

Lumerical 
FDTD 

Solutions
COMSOL 

Multiphysics ANSYS

Inverse design     

Symmetry-aided design     

Metamaterial design library    2 examples only 
Scalability & speed:  
maximum degrees of freedom on a 
multi-core laptop

~250k ~100k ~150k ~150k ~150k

Nonlinearity     

Meshing 
options

Quad   (Cartesian)  (Cartesian)  

Triangular     

Hex     

Tetrahedral     

Physics-based     

Tightly 
integrated 
optimization

Parameter sweep  
, Plus 

particle swarm  

Derivative-free     

Gradient-based     
Uncertainty 
quantification     

Adjoint-based *    

3D heterogeneous tiling     

Output and 
plotting

Full EM fields     

S-parameters     

Diffraction modes     
Tightly integrated 
linear and circular 
polarization

    

Virtual reality     

4-A: Key Features Competitive Matrix

* Next MIRaGE update will include this feature.
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4-B) How the product improves upon 
competitive products or technologies

Many electromagnetic simulation techniques can 
accurately simulate the electromagnetic behavior of a 
given metamaterial design. However, before MIRaGE, 
there were no inverse design tools. MIRaGE is the first 
in which the input is a desired behavior and the output 
is a design that is guaranteed to work. Commercially 
available tools just simulated a designer’s inputs and 
could not indicate whether the design would work as 
needed until hours or days of computation time had 
passed. Nor did they provide a library of structures to 
be used as-is or as starting points for a desired design. 
MIRaGE addresses all these shortcomings.

While some tools allow the user to accommodate 
fabrication constraints indirectly by bounding the 
optimization search space, MIRaGE inherently takes 
these into account. Additionally, most current tools 
cannot easily transition these bounds into the 
optimizer. They cannot provide sensitivity analysis on 
the solution to determine how sensitive the design is to 
fabrication error. MIRaGE includes these capabilities.

Unique to MIRaGE is not only its Group Theory 
foundation, but also the ability to simulate and tile 
heterogeneous unit metamaterial cells into various 
configurations. This allows the user to combine 
different metamaterial functionality to achieve a 
new functionality, hierarchical functionality , or even 
directional functionality where metamaterials are added 
together, similar to a sugar cube, to yield different 
behaviors in different directions. This enables the user 
to take full advantage of 3D space, thus resulting in more 
compact and agile multi-functional designs. Available 
electromagnetic simulation tools normally limit their 
simulation to a single repeating unit cell to reduce the 
computational overhead and time needed to produce an 
outcome. Because of MIRaGE’s powerful computational 
engine, as many as eight tiled heterogeneous 
(nonidentical) unit cells can be simulated on a standard 
laptop. This number can be greatly expanded if deployed 
on a sizable workstation to hundreds or thousands of 
heterogeneously tiled unit cells. 

Figure 5: User-friendly interactive graphical 
optimization interface in MIRaGE
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MIRaGE is also unique in its ability to handle rectangular 
and parallelogram unit cells. We have found no other 
simulation tool that allows system boundaries not to 
be orthogonal to each other. This allows the simulation 
of hexagonal, octagonal, diamond, and pyramidal 
lattices, not just rectangular, and opens the door for 
the realization of more functional topologies never 
tested before. Such new exotic unit cell geometries can 
display unique symmetries that Group Theory predicts 
will exhibit asymmetric or unidirectional behaviors 
(such as gyrotropy) that are needed for devices such as 
isolators and circulators, and achieve them with orders 
of magnitude reduction in size. Additionally, MIRaGE 
employs state-of-art linear algebra solvers, which means 
that it is one of the faster electromagnetic tools to date. 
MIRaGE can be deployed on a cross-platform basis 
without diminishing performance. Thus, it will work on 
a laptop, desktop, workstation, and supercomputer 
without having to change the underlying installation 
or infrastructure. Its unparalleled ease of use means 
that even an unfamiliar user can begin getting results 
in minutes, and it also supports the customization 
required by the advanced user.

DARPA realized the shortcomings of existing tools and 
issued a request for the creation of inverse design 
approaches. Sandia was funded under this program to 

create MIRaGE. In recognition of the power of MIRaGE 
and the attention that it has garnered, it was selected 
by DARPA for showcasing in their 60th Anniversary 
celebration as one of the most successful Defense 
Sciences Office projects. This honor is reserved for 
high-impact, fully executed programs; it is saying a lot 
that Sandia had not completed Phase-I of the project 
yet was selected to demonstrate MIRaGE to dignitaries 
from around the world. 

A Sandia press release on 27 March 2019 describing 
the technology has generated much public interest.

4-C) Limitations of the product/service

MIRaGE has been rolled out to targeted customers and 
is currently available to government-funded research 
facilities, where much of the research on metamaterials 
is performed. It runs with Cubit and Dakota software, 
which may not be readily obtainable outside the 
national laboratory environment. With its ease of use 
and game-changing potential, it may eventually migrate 
to the commercial sector. 

The limitations are all basically being resolved in the 
new revisions. These include:

• Time domain capability, which allows MIRaGE to 
sample all frequencies with a single simulation.

• Shape and topology optimization, which are being 
integrated via “adjoints” in the MIRaGE time domain 
edition.

• Ability to model finite-sized systems as opposed to 
repeating the system perpendicular to the plane 
of incidence. While MIRaGE solves for the resonant 
modes; it does NOT capture the edge effects. Both 
features will be available soon.

• MIRaGE covers small optical nonlinearity, what is 
usually called a perturbative effect. However, the next 
generation will cover large material nonlinearities as 
well as time-dependent nonlinearities.
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5) SUMMARY

5-A) Why MIRaGE deserves to be considered for an R&D 100 Award

The field of optical metamaterials has struggled to achieve its full potential because of 
reliance on trial and error to find optimal optical behaviors. Sandia’s MIRaGE is an inverse 
design software that relates desired properties to groups of molecular symmetries that 
possess those properties. Using those symmetries to predict behavior, a metamaterial can be 
designed that is guaranteed to exhibit the desired properties. MIRaGE allows the researcher 
to explore various configurations, simulate the system, and validate the behavior. It provides 
a powerful tool to allow the designer to optimize the design by tuning it precisely to the 
requirements without guesswork. MIRaGE retains its speed across a variety of platforms, and 
it offers support at various levels of design proficiency. Metamaterials designed with MIRaGE 
will serve in a variety of specialized optics, such as advanced lasers, cloaking materials, and 
thin, flat lenses. MIRaGE is truly an all-in-one tool for the future of metamaterials research.
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5-B) Success Letters

 
 

Plasmonics Inc 
12605 Challenger Pkwy 

STE 150 
Orlando, FL 32826 

Phone: (407) 574-3107 
 
Re: R&D 100 Awards 
 
R&D 100 Committee, 
 
The purpose of this letter is to offer our enthusiastic support and recommendation of the MIRaGE 
Simulation and Optimization Package for an R&D 100 Award. Plasmonics Inc is a research and 
development company focused on bringing to market the next-generation of infrared sensors, coatings, and 
optics. A critical component of our development efforts is the design and optimization of nanoscale 
components and elements. Sandia’s MiRaGe package is a major boon to these efforts and will significantly 
improve the ability of electromagnetic designers to develop and optimize new classes of three-dimensional 
nanoscale optical devices. 
 
By combining group theory, symmetry, and powerful optimization algorithms, the MIRaGE package 
addresses one of the major limitations of conventional EM modeling packages – minimally bound design 
space. Traditional nanoscale electromagnetic design relies on the experience of the designer and brute force 
optimization to iteratively search for a potential design solution. However, MIRaGE utilizes element 
symmetry and group theory to identify key characteristics of the nanoscale element that are necessary to 
meet the designer’s performance goals prior to electromagnetic simulation and optimization. This guidance 
can be found from MIRaGE’s extensive baseline element library or through the software’s symmetry 
validation algorithm. Since this validation occurs prior to simulation, it significantly reduces the time a 
designer must spend on developing new elements. Furthermore, the emphasis on symmetry provides an 
intuitive approach to developing new nanoscale elements that can be more easily implemented in future 
designs than the conventional brute force approach. Symmetry bounding also significantly improves 
optimization efficency by reducing the overall search space. 
 
We a see a great promise in this simulation package and intend to continue to work with Sandia to further 
support its development and application within the field of nanoscale systems. 
 
Sincerely, 
 

 
James Ginn 
President/CEO 
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April 5, 2019
R&D 100 Award nomination. 

To members of the evaluation committee,

Engineered electromagnetic materials are poised to provide revolutionary capabilities for 
optical and RF systems in the next few years. These material systems allow for tailored 
and application specific response while breaking the design principles constraining 
traditional EM systems. The final challenge for these systems is to cross over into 
mainstream electrical and optical engineering. This requires capable and functional, user 
focused tools that unlock the engineering potential of these materials. As such, I can offer 
my highest recommendation for the nomination of Dr. El-kady and the MIRaGE team for 
an R&D 100 award for 2019 based on the capability and functionality that the MIRaGE 
package offers to the optics and engineered electromagnetic materials community.

From the perspective of an active researcher charged with understanding technology 
development and application potential across a broad range of EM applications, and as a 
user of EM design tools and methods having worked in metamaterials, photonics, and 
structured materials areas for decades; it is clear that a primary limitation in the field is 
the availability of accessible design tools that allow for exploration, guided analysis, and 
quantitative prediction of performance from engineered materials systems. As 
computational capacity has advanced and become more accessible, a major theme of 
research programs has been to develop ever more efficient methods of spanning multiple 
levels of system scale and complexity. At the same time designing the response of 
structured materials has remained a largely intuitive exercise. The MIRaGE team has 
successfully implemented a design environment that captures these scales in materials 
response and allows for a true “materials by design” approach in engineered materials. 
Their key insight was how symmetry at the micro and mesoscale will manifest in the 
macroscale properties and achieve the desired linear, nonlinear, and active responses in 
EM materials systems. 

Because of this, I am excited to recommend the MIRaGE team for an R&D 100 award 
based on the potential of the capability they have developed to speed technology 
advances based on engineered materials. I expect that the innovative strategy adopted by 
the MIRaGE team will relevant technology advances for industry and defense. This tool 
will put properties driven design in the hands of every electrical engineer and with the 
integration into a larger suite of components, allow for the analysis of system level design 
and evaluation based on mesostructured electromagnetic materials.

Sincerely, 

Augustine Urbas, Ph.D.
Principal Research Scientist
Optical and Opto-electronic Materials
Air Force Research Laboratory

DEPARTMENT OF THE AIR FORCE
AIR FORCE RESEARCH LABORATORY

WRIGHT-PATTERSON AIR FORCE BASE OHIO 45433
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Juejun (JJ) Hu 
Associate Professor of Materials Science and 
Engineering 
E-mail: hujuejun@mit.edu 
 

 

Massachusetts Institute of 
Technology 
77 Massachusetts Avenue, Building 13-4054 
Cambridge, Massachusetts 02139–4307 

 

 

 
 

 
April 9, 2019 

 
Dear R&D 100 Selection Committee, 
I am writing this letter to support the nomination of the MIRaGE (Multiscale Inverse Rapid 
Group-theory for Engineered-metamaterials) package for the R&D 100 Award. In my opinion, 
MIRaGE represents an extremely versatile and useful tool for optical engineers that can 
potentially empower numerous applications involving optical metamaterials including imaging, 
sensing, spectroscopy, display, etc. 

Optical metamaterials are artificial composite materials consisting of sub-wavelength scale 
objects (or “meta-atoms”) that enable electromagnetic properties not found in natural materials. 
Just as the properties of natural materials being dictated by their constituent atoms, the 
electromagnetic response of optical metamaterials is also largely controlled by the meta-atom 
structure. The conventional design flow for meta-atoms, however, involves a lot of “guessing” as 
well as trial-and-error iterations, and it certainly not a scalable process. The group-theory-based 
approach developed by Dr. El-Kady and his team uniquely fills in the gap by providing rational, 
on-demand control on the electromagnetic response tensor of the meta-atoms. It is, therefore, 
exciting to see that the team have now packaged this nice concept into a software module with an 
easy-to-use graphic user interface. Moreover, the MIRaGE package also integrates a number of 
optimization algorithms which allow the user to conveniently fine-tune their meta-atom designs 
to attain optimal performance. 

My group was introduced to the MIRaGE package through the EXTREME Program at 
DARPA and we have already initiated collaborations leveraging this powerful tool to solve 
several challenging problems in our own research. For instance, we are using the integrated 
algorithms to performs topological optimization on meta-atoms for mid-infrared applications. 
Another application involves training of a new machine-learning-based optical design algorithm 
we have developed, taking advantage of the high-throughput computation capability enabled by 
the tool. We are also working with Dr. El-Kady and his team to incorporate new material 
functions (e.g. phase change materials) into the platform to expand its potential applications into 
areas such as active metasurfaces. So far we have been extremely impressed by the capabilities 
furnished by the MIRaGE package and I am certain that many of my fellow researchers in the 
community will feel the same. 

Therefore, I would like to congratulate Dr. El-Kady and his team for this significant 
accomplishment: it is deservedly deemed as a major contribution to the metamaterial research 
community. I enthusiastically support the nomination for the R&D 100 Award. Should you have 
any further questions about this nomination, please do not hesitate to contact me. 
 
Respectfully, 

 
Juejun (JJ) Hu 
Associate Professor of Materials Science & Engineering 

Juejun (JJ) Hu 
Associate Professor of Materials Science and 
Engineering 
E-mail: hujuejun@mit.edu 
 

 

Massachusetts Institute of 
Technology 
77 Massachusetts Avenue, Building 13-4054 
Cambridge, Massachusetts 02139–4307 

 

 

 
 

Massachusetts Institute of Technology 
Rm 13-4054, 77 Mass. Ave., Cambridge, MA 02139, USA 
E-mail: hujuejun@mit.edu 
Phone: (302) 766-3083 
Web: http://web.mit.edu/hujuejun/www/ 



 

 

Article accepted for publication in Laser Focus World (June 2019) 

 

Dropping Trial and Error from Metamaterial Design 

 

By Ihab El-Kady, Sandia National Laboratories 

I was thrilled one day to meet a professor who had created a remarkable metalens. It exhibited 
an ability to focus light in a way I had never seen, which was documented in a proof-of-concept 
paper published in a renowned journal. Its potential to spark revolutionary new technologies, 
to me, seemed extraordinary.  

But the professor’s optimism was muted. Progress had run aground in development. A year of 
work had resulted in a device that correctly affected only 60% of the light that passed through 
it—which was effectively closer to 30% because it could only focus light in one polarization 
instead of both. The practical value of the device was in question. 

Unfortunately, the field of metamaterials is rife with stories like this one. Because 
metamaterials can exhibit properties not normally found in nature, the allure of 
transformational technologies has tantalized researchers for more than a decade. Among the 
hottest areas of research are flat lenses and enhanced non-linear optics. If such promises are 
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realized, virtually every field of research that uses imaging, from biology to astronomy, 
archaeology to high energy physics, stands to benefit.  

And while much progress has been made, in many cases the design process proves 
overwhelming because fundamental metamaterial design principles have not been well 
established, and as a result some researchers resort to trial and error. Ultimately, many 
innovative technologies are abandoned only because of the inherent ineffectiveness of the 
guessing process. 

A new, more efficient way of creating metamaterials would give this area of optics a boost, and 
Sandia National Laboratories has proposed one. On behalf of the Defense Advanced Research 
Projects Agency (DARPA), Sandia’s National Security Photonics Center developed what we 
believe is the first inverse-design metamaterials software, called MIRaGE, short for Multiscale 
Inverse Rapid Group-theory for Engineered-metamaterials. In other words, a user tells MIRaGE 
what he or she wants a metamaterial to do, and the program fills in the steps to create it. 

Inverse Design Saves Time and Improves Performance 

When I met the professor with the metalens, 
I offered to show him the difference this new 
design approach could make. I took his 
problem to my colleague, Sandia research 
scientist Charles Reinke, who also helped 
develop MIRaGE. I described to him the 
professor’s problem and asked him to create 
from scratch a biaxial metamaterial—one 
that could interact with light equally in the x 
and y dimensions (assuming propagation in 
the z direction). 

We opened MIRaGE and went to work. 
Instead of starting with a drawing board, he 
started with an interactive tensor tool, a grid 
of buttons representing the desired 
electromagnetic behavior. We selected options that corresponded to the behavior the 
professor wanted. MIRaGE presented a collection of example meta-atoms that met these 
conditions.  

We then filtered the results by asking a few simple questions: Did the university have 
fabrication tools to build out in multiple planes? No? Not a problem. We ignored the options 
that would require those tools and selected the example that made the most sense for his 
fabrication capabilities.  

Sandia National Laboratories’ Ihab El Kady, right, 
and Charles Reinke developed software based 
on group theory to automate design for optical 
metamaterials. Photo by Sandia National 
Laboratories. 



 

 

At this point, MIRaGE had decided on design rules that a meta-atom would have to obey. Now 
Reinke could switch into a sketching mode with a look and feel similar to other computer-aided 
design, or CAD, programs. 

The symmetry-checking engine in MIRaGE offered him corrective feedback whenever he 
inadvertently introduced geometrical features that would spoil his selected behavior. In a 
similar vein, by switching to a different mode, MIRaGE can also offer predictive guidance by 
suggesting geometrical features that should be added to steer the design away from undesired 
behaviors. These suggestions quickly pruned his search space and allowed him to focus on 
shapes that were most likely to strongly exhibit the desired electromagnetic behavior. 

After designing a qualified meta-atom, Reinke ran a quick simulation within MIRaGE to confirm 
the predicted behavior and then used built-in optimization tools to help tile a row of 10 meta-
atoms with various designs to manipulate light with different phase responses. The result was 
45% efficient and worked for unpolarized light, significantly better than the effective 30% 
efficiency of the original design the professor had developed. The total number of man hours 
was about seven, a much shorter investment when compared to the full year of tweaking spent 
developing the original design. MIRaGE had enabled him to do in one working day what a team 
of excellent minds had needed a year to accomplish. 

Group Theory: A Powerful Tool 

This tremendous time savings is possible because MIRaGE is based on group theory, a 
mathematical concept not always familiar to engineers. Chemists, for example, use the theory 
to explains that two molecules, regardless of whether they look like each other or are 
composed of different elements, can have the same optical properties if they have the same 
symmetry. It turns out the same holds true for meta-atoms, the tiny, engineered building blocks 
that give metamaterials their unusual properties. Their optical qualities are not just based on 
the thickness of loops and width of gaps but are heavily influenced by the symmetry of the 
whole design. 

We based our work on research that previously recognized the applicability of group theory to 
optical metamaterials1,2. To our knowledge, though, this idea has never been applied as it 
currently is in MIRaGE. 

Group theory as a first principle of metamaterial design elucidates the bulk, homogenized 
behavior that is otherwise difficult to predict. In Figure 1, two designs are shown that display 
dramatically different scattering behaviors, with much more interference in the “H” 
configuration than the “U.”  

                                                           
1 Padilla WJ, Opt Express. 2007 Feb 19;15(4):1639-46. 
2 Charles M. Reinke, Teofilo M. De la Mata Luque, Mehmet F. Su, Michael B. Sinclair, and Ihab El-Kady, Phys. Rev. E 
83, 066603 



 

 

Despite the geometrical similarities, group 
theory recognizes these as having to 
distinct symmetries, which explains the 
difference in observed behaviors. For 
example, the “H” configuration is 
symmetrical along both its central x and y 
axes, but the “U” is not at all symmetrical 
along its x axis. 

Configurations with the same symmetry, on 
the other hand, have the same optical 
properties. So, the elegance of group theory 
is that it allows researchers to focus on only 
those designs that are relevant to the 
behavior they want. It takes infinite designs 
possibilities and sets a limit. Consider the 
basic split-ring resonator. If a researcher 
made a meta-atom by tracing this design 
onto each of the six sides of a fixed cube, as 

shown in Figure 2, and considered each face to have four possible orientations (90-degree 
rotations), there are 4^6, or 4,096 ways to configure it. This is far too many to sort through by 
trial and error, given the computational load of each numerical simulation. 

However, filtering the results to only those that display a particular behavior, as we did for our 
academic colleague, immediately limits that number to only a few. And we can further pare 
down our options by limiting results to those that make sense with the materials and 
fabrication methods being used.  

Built for Everyone 

Sandia uses MIRaGE in its own work in developing 
metamaterials for national security applications. Like 
others, we’ve had moderate success in the past 
demonstrating interesting concepts but have found 
optimization and development crucially slow. 

Sandia senior scientist Igal Brener is considering using 
the software to optimize a metamaterial he previously 
designed. His material transforms light from two lasers 
into a spectrum of color, and he hopes he can develop 
his device into a kind of tunable laser that could 
simplify systems that otherwise require many lasers. 
Each color, however, comes through with different 

Figure 1. Even meta-atoms with similar 
appearances can interact with light in strikingly 
different ways. Image by Sandia National 
Laboratories. 

Figure 2. A basic split ring resonator 
on six sides of a fixed cube. Despite 
its simplicity, thousands of 
configurations exist. Image by Sandia 
National Laboratories. 



 

 

intensity, some of which are too weak to be useful. Brener is exploring ways to use the 
advanced optimization algorithms built into MIRaGE to further his research. 

We were honored to have MIRaGE recognized at DARPA’s 60th Anniversary Symposium in Fort 
Washington, Maryland, last year, a testament to the far-reaching potential of group theory-
based design. We have distributed it to universities, government agencies and government 
contractors and have discussed it with the private sector in hopes of spreading this technology 
to all those who will benefit from it, which we hope will in turn benefit metamaterials research 
and the optical engineering community at large. 

 

Ihab El-Kady is a principal scientist at Sandia National Laboratories. Email: ielkady@sandia.gov. 
www.sandia.gov 
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Mirage software automates design of optical metamaterials 

Program free for many federal government projects 

ALBUQUERQUE, N.M. — New software lets users design science-fiction-like materials with the same 
efficiency that architects draft building plans. 

Sandia National Laboratories has created the first 
inverse-design software for optical metamaterials 
— meaning users start by describing the result 
they want, and the software fills in the steps to get 
there. The modern design approach takes 
guesswork out of engineering as-yet theoretical 
technologies like ultracompact, high-performance 
cameras and cloaking armor that could make 
wearers invisible to detection. 

Sandia uses the design aid, called Mirage, in its 
research and development programs and released 
a test version to select collaborators last year. 
Now, researchers working on government 
metamaterial projects can request a license at no 
cost. 

Man-made, optical metamaterials have been 
touted for more than a decade for their ability to 
manipulate light in extraordinary ways. In theory, 
satellite imaging and interstellar telescopes could 
be dramatically smaller with metamaterial lenses 
one hundred times thinner than conventional ones. 
Or, the technology could someday lead to cloaking materials that deflect light around them, rendering 
objects impossible to see. 

Mirage simplifies and automates the design process for materials that would be necessary for those 
technologies. 

Researchers interested in a copy of Mirage are invited to contact Sandia for more information. 

To be eligible for a free copy, recipients must first have a valid research contract with the U.S. government. Mirage runs 
on Windows and can be configured to operate on laptop, desktop and multicore machines. 

Watch a preview of Mirage, software 
developed by Sandia to make optical 
engineering (relatively) easy. The cubes in the 
video are blueprints of meta-atoms, nanosized 
building blocks that give metamaterials their 
distinctive, unusual properties valued for new 
technologies. 



 

 

Mirage takes guesswork out of design 

The field of optical metamaterials has so far struggled to deliver on all its perceived promise of 
revolutionizing optics. One difficulty for engineers has been that metamaterials are made of tiny 
building blocks, called meta-atoms, which can be designed in countless variations. A certain shape, 
collectively, might bend light. Change that shape, the size, the spacing or the material and that might 
amplify the effect or diminish it or cause something entirely different to happen, like twist the light one 
direction or another or change its intensity or color.  

“Predicting what the bulk ‘homogenized’ properties 
will be has been very hard to determine until now,” 
said Mike Fiddy, a program manager in the Defense 
Advanced Research Projects Agency, or DARPA, 
which funded the software’s development. 

Other software can simulate what meta-atoms will do 
to light, but that only allows researchers to use 
intuition to experiment with different designs until 
they stumble upon or tediously work out the behavior 
they want. 

Despite the challenge, some researchers have had 
success creating imaginative metamaterial devices. 
Sandia invented a device that converts heat to 
electricity, potentially for more fuel-efficient engines, 
and a light-mixing technology that could lead to a 

new, changeable, multicolored light source, which could accelerate all kinds of research from 
archeology to biomedicine. 

But on the whole, said Sandia scientist Ihab El-Kady, the metamaterial enterprise has needed a boost. 

“We cannot possibly solve this problem by trial and error,” said El-Kady, who conceived Mirage. 
“Instead, we could do the opposite. We could say: ‘Here is the behavior I want. Now tell me what the 
metamaterial looks like.’” 

No tool used this inverse-design approach. So, El-Kady and his team at Sandia’s National Security 
Photonics Center built one. 

User-friendly instructions to exploit 100-plus templates 

Mirage lets users start by telling it the optical property they want — how their metamaterial needs to 
interact with light — and their starting materials. Mirage generates designs that match those criteria 
from a library of more than 100 templates. Or, users can draw their own designs, and the program will 
check them for errors. 

“A more systematic approach for designing metamaterials should greatly accelerate their adoption in 
various application areas,” eliminating more commonly used, intuition-based approaches, Fiddy said. 

Inverse design software Mirage developed 
at Sandia National Laboratories provides 
users a guide to making materials with 
advanced optical properties. Photo by 
Randy Montoya.  



 

 

DARPA featured Mirage as a premier technology at the agency’s 60th Anniversary Symposium in Fort 
Washington, Maryland, showcasing its far-reaching uses. 

“Mirage is an all-in-one tool,” El-Kady said. “Not only does it tell you what the metamaterial looks like, 
it allows you to explore various configurations, simulate the system, validate the chosen behavior, 
visualize its response and optimize its functionality within your fabrication constraints.” 

Software refines powerful ideas 

On top of that, said Sandia senior scientist Igal Brener, who uses the software in his metamaterial 
research, Mirage is useful because it includes algorithms that help researchers get the best performance 
from their inventions. 

Brener’s team previously created a material that can mix two lasers to produce 11 colors at once, 
including infrared and ultraviolet light. Potentially, this technology could be developed into tunable 
lasers that replace single-color ones. 

But some of those colors are too dim to be useful, so he’s exploring ways to brighten the output. Other 
software packages Brener has used include simple optimization algorithms. However, to use more 
advanced algorithms he must supplement those packages with his own coding. Not so with Mirage. 

“Optimization techniques come in many different flavors,” he said. “Mirage is the only software 
package I know of that has the complex optimization techniques I need built in.” 

If the initial launch is successful, Sandia plans to develop a second version of Mirage, tentatively called 
Mirage Elite, that would introduce a surge forward in optimization by automatically morphing meta-
atoms into bizarre and outlandish shapes in the hunt for undiscovered behaviors. 

 

Sandia National Laboratories is a multimission laboratory operated by National Technology and 
Engineering Solutions of Sandia LLC, a wholly owned subsidiary of Honeywell International Inc., for 
the U.S. Department of Energy’s National Nuclear Security Administration. Sandia Labs has major 
research and development responsibilities in nuclear deterrence, global security, defense, energy 
technologies and economic competitiveness, with main facilities in Albuquerque, New Mexico, and 
Livermore, California. 

Sandia news media contact: Troy Rummler, trummle@sandia.gov, 505-284-1056 
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AUTOMATIC —  Inverse-design software Mirage provides users a guide to making materials with advanced 
optical properties. Developers Ihab El-Kady (left) and Charles Reinke look over a sample Mirage screen.                                             
                                                                                                                              Photo by Randy Montoya                                                                                   

Mirage software automates  
design of optical metamaterials

— CONTINUED ON PAGE 2

New software from Sandia lets users design science- 
fiction-like materials with the same efficiency that 
architects use when they draft building plans.

Sandia has created the first inverse-design software for 
optical metamaterials. That means users start by describ-
ing the result they want, and the software fills in the 
steps needed to get there. The modern design approach 
takes guesswork out of engineering as-yet theoretical 
technologies, such as ultracompact, high-performance 
cameras and cloaking armor that could make wearers 
invisible to detection.

Sandia uses the design aid, called Mirage, in its 
research and development programs and released a test 
version to select collaborators last year. Now, researchers 
working on government metamaterial projects can request 
a license at no cost.

Man-made optical metamaterials have been touted for 
more than a decade for their ability to manipulate light in 
extraordinary ways.

Designers describe 
result, Mirage design 
aid does the rest
By Troy Rummler

Device in Z machine measures  
power for nuclear fusion

FINE TUNING — Kenny Velasquez makes adjustments during the final 
installation of the hardware inside the chamber of the Z Line VISAR in 
preparation for the commissioning shot at Z Machine in December 2018.                                    
                                                                              Photo by Michael Jones

If you’re chasing the elusive goal of nuclear fusion and think you need a bigger reactor to 
do the job, you first might want to know precisely how much input energy emerging from 
the wall plug is making it to the heart of your machine.
If somewhere during that journey you could reduce internal losses, you might not need a 

machine as big as you thought. 
To better determine energy leaks at Sandia’s powerful Z machine — where remarkable 

gains in fusion outputs have occurred over the last two and a half decades, including a 
tripling of output in 2018 — a joint team from Sandia and Lawrence Livermore national 
laboratories has installed an upgraded laser diagnostic system.

The quest to accurately understand how much power makes it into Z’s fusion reaction has 
become more pressing as Z moves into producing the huge number of neutrons that now are 
only a factor of 40 below the milestone where energy output equals energy input, a desirable 
state known as scientific break-even. The Z machine’s exceptionally large currents — about 
26 megamperes — directly compress fusion fuel to the extreme conditions needed for fusion 
reactions to occur.

Laboratory fusion reactions — the joining of the nuclei of atoms — have both civilian and 
military purposes. Data used in supercomputer simulations offer information about nuclear 
weapons without underground tests, an environmental, financial and political plus. The more 
powerful the reaction, the better the data.

By Neal Singer

The annual Labs Accomplishments magazine is now available on Lab News racks throughout the Laboratories 
or from the communications team in the IPOC building. The publication recognizes some of Sandia’s best 
work during 2018, as submitted by center offices and selected by division offices. The publication highlights 

critical milestones in key mission areas, scientific breakthroughs reached via Laboratory Directed Research and  
Development and valuable advances in mission support. 

As Labs Director Steve Younger notes in his introduction, “Every Sandian plays a role in these accomplishments.”
The Labs’ work to solve the nation’s toughest national security challenges is needed now more than ever, Steve writes.
“The scope of our capabilities makes us invaluable,” he adds, encouraging the community, families and friends to 

“enjoy this look at the outstanding work done by the people of Sandia. I promise it will be time well spent.”
The publication is also available online.
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David Chacon, who works in 

Sandia’s information technology 
audits group, has been awarded 
the Department of Defense 
Legion of Merit for exceptionally 
meritorious conduct in the perfor-
mance of outstanding services and 
achievements during his tenure in 
the U.S. Army.

The Legion of Merit is issued 
to members of the seven U.S. 
uniformed services as well as to 
military and political figures of 
foreign governments. The award 
ranks just below the Silver Star 
and above the Distinguished 
Flying Cross in the list of medals. 
It is one of only two decorations 
to be issued as neck wear. The 
other is the Congressional Medal 
of Honor. 

Col. Chacon retired from the 
New Mexico Army National 
Guard in May 2018 after serving 
more than 33 years in the Air  
and Army National Guard as  
an enlisted soldier and officer.  
His final duty position was  
brigade commander.

David Chacon honored with Legion of Merit

Mirage software
CONTINUED FROM PAGE 1

In theory, imaging satellites and interstellar tele-
scopes could be dramatically smaller with metama-
terial lenses one hundred times thinner than con-
ventional ones. Or, the technology could someday 
lead to cloaking materials that deflect light around 
them, rendering objects impossible to see.

Mirage simplifies and automates the design 
process for materials needed to make such technol-
ogies a reality.

Mirage takes guesswork  
out of design

The field of optical metamaterials so far has 
struggled to deliver on all its perceived prom-
ise of revolutionizing optics. One difficulty for 
engineers has been that metamaterials are made 
of tiny building blocks, called meta-atoms, which 
can be designed in countless variations. A certain 
shape, collectively, might bend light. Change that 
shape, the size, the spacing or the material — and 
that might amplify or diminish the effect, or cause 
something entirely different to happen, like twist 
the light one direction or another or change its 
intensity or color.

 “Predicting what the bulk ‘homogenized’ 
properties will be has been very hard to determine 
until now,” said Mike Fiddy, a program manager in 

the Defense Advanced Research Projects Agency, 
which funded the software’s development.

Other software can simulate what meta-atoms 
will do to light, but that only allows researchers to 
use intuition to experiment with different designs 
until they stumble upon or tediously work out the 
behavior they want.

Despite the challenge, some researchers suc-
cessfully have created imaginative metamaterial 
devices. Sandia invented a device that converts heat 
to electricity, potentially for more fuel-efficient 
engines, as well as a light-mixing technology that 
could lead to a new, changeable, multicolored light 
source. Such a source could accelerate all kinds of 
research, from archeology to biomedicine.

But on the whole, said Sandia scientist Ihab 
El-Kady, the metamaterial enterprise has needed 
a boost.

 “We cannot possibly solve this problem by 
trial and error,” said Ihab, who conceived Mirage. 
“Instead, we could do the opposite. We could say: 
‘Here is the behavior I want. Now tell me what the 
metamaterial looks like.’”

No tool used this inverse-design approach. So, 
Ihab and his team at Sandia’s National Security 
Photonics Center built one.

User-friendly instructions to exploit 
100-plus templates

Mirage lets users start by telling the software 
the optical property they want — how their 

metamaterial needs to interact with light —  
and their starting materials. Mirage generates 
designs that match those criteria from a library  
of more than 100 templates. Or, users can draw 
their own designs, and the program will check 
them for errors.

 “A more systematic approach for designing 
metamaterials should greatly accelerate their 
adoption in various application areas,” eliminating 
more commonly used, intuition-based approaches, 
Fiddy said.

DARPA featured Mirage as a premier technol-
ogy at the agency’s 60th Anniversary Symposium 
in Fort Washington, Maryland, showcasing its 
far-reaching uses.

 “Mirage is an all-in-one tool,” Ihab said. “Not 
only does it tell you what the metamaterial looks 
like, it allows you to explore various configura-
tions, simulate the system, validate the chosen 
behavior, visualize its response and optimize its 
functionality within your fabrication constraints.”

Software refines powerful ideas
On top of that, Mirage is useful because it 

includes algorithms that help researchers get the 
best performance from their inventions, said 
Sandia senior scientist Igal Brener, who uses the 
software in his metamaterial research.

Igal’s team previously created a material that 
can mix two lasers to produce 11 colors at once, 
including infrared and ultraviolet light. The tech-
nology could be developed into tunable lasers that 
replace single-color ones.

But some of those colors are too dim to 
be useful, so he’s exploring ways to brighten 
the output. Other software packages Igal has 
used include simple optimization algorithms. 
However, to use more advanced algorithms he 
must supplement those packages with his own 
coding. Not so with Mirage.

 “Optimization techniques come in many differ-
ent flavors,” he said. “Mirage is the only software 
package I know of that has the complex optimiza-
tion techniques I need built in.”

If the initial launch is successful, Sandia plans 
to develop a second version of Mirage, tentatively 
called Mirage Elite, that would introduce a surge 
forward in optimization by automatically morph-
ing meta-atoms into bizarre and outlandish shapes 
in the hunt for undiscovered behaviors.

Researchers interested in a copy of Mirage are 
invited to contact Sandia for more information.  
To be eligible for a free copy, recipients must  
have a valid research contract with the U.S. 
government. Mirage runs on Windows and can 
be configured to operate on laptop, desktop and 
multicore machines. 

TEACHING TOOL  — Mirage developers Charles Reinke (left) and Ihab El-Kady think their software could lower the 
experience level and patience needed to engineer promising optical metamaterials.                   Photo by Randy Montoya

                                                                           Photo by Randy Montoya
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Group-theory approach to tailored electromagnetic properties of metamaterials:
An inverse-problem solution
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The problem of designing electromagnetic metamaterials is complicated by the pseudo-infinite parameter space
governing such materials. We present a general solution based on group theory for the design and optimization
of the electromagnetic properties of metamaterials. Using this framework, the fundamental properties of a
metamaterial design, such as anisotropy or magnetic or electrical resonances, can be elucidated based on the
symmetry class into which the unit cell falls. This provides a methodology for the inverse problem of design of
the electromagnetic properties of a metamaterial. We also present simulations of a zia metamaterial that provides
greater design flexibility for tuning the resonant properties of the device than a structure based on a simple
split-ring resonator. The power of this zia element is demonstrated by creating bianisotropic, chiral, and biaxial
designs using the inverse group-theory procedure outlined in this paper.

DOI: 10.1103/PhysRevE.83.066603 PACS number(s): 41.20.Jb, 81.05.Xj, 02.20.−a

I. INTRODUCTION

During the last few years, metamaterials (MMs) have
received significant attention in research due to their anoma-
lous electromagnetic properties [1] and, hence, their potential
for unique applications. In 1968, Veselago proposed the
a particular class of MMs, referred to as a left-handed
metamaterial (LHM), which had several unusual properties,
phase and energy flux of opposing sign, a negative index
of refraction, reversal of the Doppler effect, and flat lens
focusing [2]. More generally, a MM is any artificial material
that exhibits electromagnetic properties that are not necessarily
displayed by the constituent elements. This is primarily due
to resonant effects arising from the periodic orientation of
the individual elements, which are typically subwavelength
in size. Thus electromagnetic MMs can theoretically exhibit
any value of permittivity or permeability near the resonance
frequency, including negative values. This prospect has led
to the proposal of applications ranging from superlenses [3]
and the enhancement of antenna systems [4] to arguably even
electromagnetic cloaking [5].

Despite the growing body of work involving MMs, little
consensus has emerged regarding the optimal structure for
producing a given set of electromagnetic properties, although
a few general design templates such as the split-ring resonator
(SRR) [6] have become popular, largely due to their relative
ease of fabrication. However, the number of different element
designs that have been published almost rivals the number
of groups investigating MMs. The variety of designs is a
reflection of the lack of a formalized method for designing
such structures. Thus MM design is often a cyclic process of
“educated guesswork” and trial and error, making extensive
use of numerical simulations that are occasionally combined
with optimization techniques such as genetic algorithms.

The problem of designing electromagnetic MMs is com-
plicated by the pseudo-infinite parameter space governing

*Corresponding author. ielkady@sandia.gov

such materials. If we consider a MM unit cell composed
of a simple circular SRR on the six faces of a cube, there
are 46 = 4096 possible orientations of the cell in the most
general case. Even if we eliminate the orientations that are
indistinguishable due to symmetry and invoke the quasistatic
limit, the number of possibilities that would have to be tried
in a brute-force approach only reduces to 128. Given typical
simulation times the order of tens of hours for a fully vectorial
numerical electromagnetic simulation for this type of structure,
the problem quickly becomes intractable. Additionally, such
simulations only provide the net result with limited insight into
the interelement interactions.

In this paper, we present a general approach to the inverse-
problem solution based on group theory for the design and
optimization of the electromagnetic properties of MMs. There
have been prior attempts at using group-theory analysis for
understanding MM behavior and inferring design, such as the
seminal work by Padilla [7] and a subsequent demonstration
by Wongkasem et al. [8]. These papers, however, lack the
systematic inverse design route that is outlined here, and
additionally assume erroneous interpretations of the character
table and the coupling of the linear and axial modes that would
make it virtually impossible to design a chiral or biaxial MM.
Nevertheless, group theory, when properly applied, can be used
to predict electric and magnetic behavior of MM inclusions
for any incident field, including the existence and isotropic
nature of the electromagnetic constitutive relationship. Using
this framework, the fundamental properties of a MM design
can be elucidated based on the symmetry class to which
the unit cell belongs. This provides a methodology for
the design of the electromagnetic properties of a MM, as
described in Sec. II. In Sec. III, we introduce a new unit-cell
element called the “zia” which offers similar inductive and
capacitive paths as the SRR but with additional degrees of
freedom for tuning its behavior and engineering a MM of
a specific symmetry group. In Sec. IV, we demonstrate the
design of a bianisotropic MM using the zia element based
on the inverse-problem methodology described in Sec. II. A

066603-11539-3755/2011/83(6)/066603(18) ©2011 American Physical Society
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FIG. 1. (Color) Illustration of the analogy between molecules and
metamaterial elements as they relate to group theory.

validation of the bianisotropic behavior is presented through
numerical simulations of the design and the retrieval of its
electromagnetic properties. To further reinforce the power of
the inverse group-theory methodology, the design of a chiral
MM based on the zia element and a validation of its behavior
by numerical simulations is presented in Sec. V, followed by
a similar analysis of a biaxial MM zia design in Sec. VI.
Concluding remarks and discussions are given in Sec. VII.

II. GROUP-THEORY APPROACH

Group theory has been used extensively in chemistry, where
molecules are classified by symmetry and the spectroscopic
or molecular orbital properties identified according to their

symmetry groups [9]. This branch of chemistry has a number of
similarities to electromagnetism that allow for well-developed
concepts from that field to be applied analogously to MM
design. In molecular spectroscopy, molecules are grouped
according to their symmetry, with groups of the same symme-
try exhibiting the same molecular vibrational modes. Thus a
molecule can be identified as, for example, IR or Raman active,
based solely on its symmetry group and without having to
evaluate the actual modal solutions of the governing equations
of motion.

By making the comparisons that molecules in chemistry are
analogous to MM elements in electromagnetics and similarly
that molecular normal modes of vibration are analogous to the
fundamental resonant electrical current modes, we can apply
the principles of symmetry and point groups to MM designs
(Fig. 1). Given these assumptions, the symmetry of a MM
element is used to determine its point group, a character table
is constructed based on the point group, and the generalized
motion in terms of the normal modes of the element is found
from the character table. A point group is a collection of all
of the possibly symmetry elements of a MM element, and the
corresponding character table is a matrix representation of the
various symmetries represented by the point group. The details
of the process for determining the point group of a molecule
(MM element) is beyond the scope of this paper, but can be
found in many chemistry textbooks [10]. As an example, a
molecule belonging to the C2v point group, which is the same
symmetry group as a basic single SRR, is shown in Fig. 2
along with the corresponding character table. The first column
on the table lists the point group symmetry under analysis
(C2v) and its irreducible representations. The following four
columns list the symmetry operations of the C2v point group
and the corresponding characters, followed by the equivalent
irreducible representations in linear and quadratic terms of the
Cartesian coordinates in the last two columns. Figure 1 also
illustrates the symmetry operations for the case of a simple
C2v molecule, for example H2O. The character of the molecule
expresses the symmetry adapted linear combinations, in terms
of the irreducible representations. In molecular chemistry,
this irreducible representation is combined with the match-
ing atomic orbitals to generate the reducible representation

FIG. 2. (Color) Character of the C2v point group and a representative molecule belonging to that point group, demonstrating the
corresponding symmetry operations.
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FIG. 3. (Color online) Flowchart outlining the inverse-problem
solution process of using group theory to design a metamaterial with
a specified electromagnetic behavior.

corresponding to the symmetry-adapted linear combinations
(SALCs) of orbitals for that molecule. When applied to MMs,
the reducible representation corresponds to the active current
modes of the MM element.

Given that group theory is based upon symmetry rules
and symmetry operations, some restrictions must be posed
on the system under analysis. First, in the case of MMs we
assume that incident electromagnetic fields are quasistatic.
For the electromagnetic fields to be considered quasistatic,

FIG. 5. (Color online) Possible variations of the zia metamaterial
element design.

the unit cell dimension a has to be much smaller than
the wavelength λ of the incident field, typically constrained
as a/λ < 10. The commonly accepted explanation of the
fundamental physics governing MMs is that their anomalous
electromagnetic properties arise from resonances among the
MM elements that give rise to effective constitutive parameters
at the excitation wavelength [11–13]. Second, because of the
form of the governing Maxwell’s equations, the solution of any
electromagnetic problem strongly depends on its boundary
conditions; if they are symmetric, the solution will also be
symmetric. This transforms the problem into a boundary value
problem where one can predict the symmetry properties of
the solution without actually solving Maxwell’s equations.
As an example of this principle, group theory could be used
to predict which field distributions are allowed between two
infinite parallel conducting plates. Since any valid solution of
the field has to have both vertical and horizontal symmetries,
as the parallel plates do, group theory can predict that field

FIG. 4. (Color) The four quadrants of the electromagnetic constitutive tensor and their corresponding linear and axial terms appearing in
the point-group character tables.
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FIG. 6. (Color online) Decision chart
used to design a suitable MM element
belonging to a given symmetry group.

distributions having corresponding symmetries are allowed
while asymmetric ones are not. Thus group theory makes it
possible to find the electric and magnetic properties of any
shape without having to solve any equations of motion, as long
as it possesses symmetry and is a good conductor. Based on this
group-theory approach, the forward problem for determining
the properties of a MM can be described by the following
methodology. The symmetry point group of the MM is first
determined based on symmetry operations, which specifies the
character table of the symmetry group. This character table
determines what electromagnetic behaviors are possible in the
MM. The reducible representation of the MM topology is then
calculated to determine which modes of the character table
will actually be active, corresponding to the resonant current
modes that can be coupled to as constrained by the type of
excitation that is assumed. The response of the MM design
can be confirmed by numerical simulations.

The power of this technique is fully revealed in the
inverse-problem approach, where the topology of the elements
of a MM can be engineered from its desired electromagnetic
constitutive tensor. The method, summarized in Fig. 3, starts
with the selection of a desired electromagnetic constitutive
tensor, in which the tensor elements that are active (i.e.,
possibly nonzero for ζ , ξ , and off-diagonal ε and μ terms or
possibly nonunity for diagonal ε and μ terms) can be specified,
although their actual values cannot be determined by group
theory alone but rather must be tuned by the geometrical
and material properties of the actual MM elements. The

FIG. 7. (Color) Simplified zia schematic showing a possible set
of current basis elements.

chosen electromagnetic tensor mandates the form of the
electromagnetic interactions that produce that behavior, which
determines the linear and axial terms that must be present in
the character table of the corresponding MM elements. This
necessary set of terms allows for the elimination of symmetry
groups that do not meet the desired electromagnetic response
constraints, reducing the number of possible symmetry groups
(the number of options remaining after the reduction may be
only one). The symmetry group that is chosen (most often
the one having the least complexity) specifies the character
table and hence symmetry operations that correspond to any
MM element belonging to that symmetry group. Next, a
MM element topology is chosen that belongs to the selected
symmetry group, which can often be constructed of two or
more simpler topologies of a closely related symmetry group
(for example, the case with the C2v zia geometry that is
essentially composed of two C2 zia rings, described in detail
in Sec. III). The reducible representation of the MM element
is calculated to ensure the activity of the requisite normal
modes, which may mandate modification of the topology
until the desired behavior is produced. The actual design
topology can still take any form that has the correct geometrical
symmetry, but it is often further constrained by fabrication
and/or simulation capabilities. Once a topology is selected, the
electromagnetic constitutive tensor elements can be optimized
through a cycle of simulating electromagnetic response of the

FIG. 8. (Color) Current modes of the zia elements as predicted
by group theory.
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FIG. 9. (Color online) Schematic of the unit cell of a single zia
metamaterial element showing the relevant dimensions; the metal
traces are gold and the background is air.

resulting metamaterial and retrieving the tensor elements from
the calculated S parameters.

The constitutive relationship between the electric and
magnetic fields in many materials can be expressed as a tensor
of the following form:

�
D̄

B̄

�
=

�
¯̄ε ¯̄ξ
¯̄ζ ¯̄μ

� �
Ē

H̄

�
, where ¯̄ε =

⎡
⎣

εxx εxy εxz

εyx εyy εyz

εzx εzy εzz

⎤
⎦ ,

(1)

with similar forms for the μ, ζ , and ξ subtensors. Here ε

and μ are the regular tensor relations between the electric or
magnetic flux density (D and B, respectively) and the electric-
or magnetic-field intensity (E and H, respectively) typically
referred to as the permittivity and permeability, respectively;
while ζ and ξ are the crossed relations between flux densities
and field intensities representing the magnetoelectric effect. As
an example of how these tensor elements can be determined,
consider again the analogy between molecular orbitals and
currents in MM elements. Since electric field is linear with
current, it will transform under symmetry operations as the

position vector r, i.e., the linear Cartesian coordinates x, y, z.
On the other hand, the magnetic field is axial with the current,
and consequently will transform under the rotation Rx , Ry ,
Rz symmetry operations. Thus the four quadrants of the
electromagnetic constitutive tensor are accessed as shown in
Fig. 4, with the understanding that linear terms correspond
to currents in straight wires that can interact with an incident
electric field of suitable orientation, and axial terms correspond
to current loops that can interact with an incident magnetic field
of suitable orientation. The diagonal ε terms are provided by
independent r m odes (where r represents either x, y, or z),
and diagonal μ terms by independent Ri modes (indicating
the x, y, or z rotational modes); multiple terms that are
not enclosed in parentheses indicate simultaneous, uncoupled
modes. The ζ and ξ terms are provided by ri ,Ri modes
(simultaneous linear and axial motions), and the off-diagonal
ε and μ terms by (ri ,rj ) (i�=j, i.e., coupled linear motions)
and (Ri ,Rj ) (i�=j, i.e., coupled rotational motions) modes,
respectively. This interpretation differs from that of Ref. [7],
which considered the ri ,rj modes to be coupled linear motions,
and did not provide interpretations for the (ri ,rj ) notation.
To our understanding, this is an error on the behalf of the
authors, where the (ri ,rj ) notation should indicate coupled
linear motions (and hence off-diagonal ε and μ terms) and
the ri ,rj notation should indicate multiple independent linear
motions that exist for a single mode of a symmetry group.
This can be understood intuitively by considering that it is
not physically meaningful for linear and rotational modes to
be coupled, hence ri ,Ri modes are never seen enclosed in
parentheses.

III. ZIA METAMATERIAL

To alleviate the limitations of the SRR design, we have
developed a design that retains much of the ease of fabrication
inherent in the SRR, while adding the ability to independently
modify the electric and magnetic response. In addition, the
topology of our design maintains the inductive and capacitive
paths of the SRR, which give rise to electrical and magnetic
resonances, respectively, while providing additional degrees of
freedom for tailoring the symmetry properties of the element,

FIG. 10. (Color) S-parameter fre-
quency response of the zia metamaterial
shown in Fig. 6 for both same- and cross-
polarization terms.
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FIG. 11. (Color online) Zia element currents calculated from the CST simulations demonstrating the lack of a closed current loop.

and hence the MM constructed from it. This design, based on
a well-known geometry called the zia [14], shown in Fig. 5,
was chosen because it combines a ring structure that gives
it inductance with tunable capacitances across the arms that
intersect the ring. While the SRR design has the benefits of
relatively easy fabrication and simulation, it is limited by its
topology to only a few degrees of freedom, primarily the gap
width and the metal trace thickness. This limitation makes
is difficult to tune the electric response of the MM without

simultaneously changing the magnetic behavior, thus limiting
the functionality of the device.

The zia design can have essentially infinite variants, such
as the C2h and C2n examples shown in Fig. 5. Additionally,
two or more zia rings of one symmetry can be combined to
create a design belonging to a symmetry group; the design
marked as C2v in Fig. 5 consists of two C2h symmetry rings,
stacked on top of each other in the planar direction, with
one ring rotated by an angle of 90◦ with respect to the other.

FIG. 12. (Color) Modified zia element design, demonstrating the closed current path and central rod, which allows for coupling to an
incident electric field that is parallel to the rod.
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FIG. 13. (Color) (a) Schematic of the modified zia element with an excitation at normal incidence. Frequency response of (b) the refractive
index and (c) impedance as fl is varied from 50 to 139 μm with rir = 125 μm and d = 50 μm. Frequency response of (d) the refractive index
and (e) impedance as rir is varied from 75 to 125 μm with fl = 100 μm and d = 50 μm. Frequency response of (f) the refractive index and
(g) impedance as d is varied from 10 to 100 μm with fl = 100 μm and rir = 125 μm.

This design allows for tuning of the electrical resonance, by
altering the capacitive arms intersecting the ring in length
and/or number, independently of the magnetic resonance,
which can be tuned by changing the radius of the ring and/or
adding more than one concentric ring. Thus the electric and
magnetic resonances of the inclusions, and consequently the
resonance of the MM, can be aligned without rotating the
polarization.

To illustrate the power of this group-theory design method-
ology [15], we detail the design of three different metamaterial
elements with engineered electromagnetic behavior and all
based on this zia element, with focus on the application
of the inverse-problem solution to each MM design. The

highlighted examples include bianisotropic, chiral, and biaxial
metamaterials.

IV. DESIGN AND SIMULATION OF A BIANISOTROPIC
METAMATERIAL

Of particular interest in the realm of MMs is the possibility
of constructing a bianisotropic material [16], in which the
electric and magnetic fields are coupled and the coupling
depends on the direction of the incident wave, since such a
material is a promising candidate for creating a left-handed
MM. Assuming that reciprocity holds, i.e., ζ T = −ξ , a
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FIG. 14. (Color) (a) Schematic of the modified zia element with an excitation at parallel incidence. Frequency response of (b)
the refractive index and (c) impedance as fl is varied from 50 to 139 μm with rir = 125 μm and d = 50 μm. Frequency
response of (d) the refractive index and (e) impedance as rir is varied from 75 to 125 μm with fl = 100 μm and d = 50 μm.
Frequency response of (f) the refractive index and (g) impedance as d is varied from 10 to 100 μm with fl = 100 μm and rir =
125 μm.

possible electromagnetic constitutive relationship that de-
scribes a bianisotropic material can be written as [17]

�
¯̄ε ¯̄ξ
¯̄ζ ¯̄μ

�
=

⎡
⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 ξxy 0
0 1 0 ξyx 0 0
0 0 εzz 0 0 0
0 −ξyx 0 1 0 0

−ξxy 0 0 0 1 0
0 0 0 0 0 μzz

⎤
⎥⎥⎥⎥⎥⎥⎦

. (2)

Based on the argument made in the previous section,
Eq. (2) implies that the corresponding symmetry group must
have r, R, and ri ,Rj modes, specifically z; Rz; x,Ry ; and y,Rx ,
where an electric field in the y direction yields a magnetic
field in the x direction and vice versa. The C2v group is the
simplest symmetry group that fits the necessary specifications
for these required linear/axial modes, as can be seen from
the character table in Fig. 2. As mentioned in the previous
section, the zia design shown in Fig. 5 can be engineered such
that it falls into the C2v symmetry category, and hence should
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FIG. 15. (Color) Frequency response of (a) ξxy , and (b) ζ yx for the modified zia metamaterial with normal incidence as rir is varied from
75 to 125 μm with fl = 100 μm and d = 50 μm. Frequency response of (c) ξxy , and (d) ζ yx for the modified zia metamaterial with parallel
incidence as rir is varied from 75 to 125 μm with fl = 100 μm and d = 50 μm.

demonstrate the bianisotropic behavior we seek. To illustrate
how a suitable MM element belonging to this group can be
designed, we start with the zia element and follow the decision
chart shown in Fig. 6. The unaltered zia element by itself is
immediately excluded from the first two sets of groups, those
of low and high symmetry. A single zia ring has a C2 axis as
its highest-order rotation axis, but it also has a perpendicular
C2 axis that designates it as a D group symmetry. To break this
rotational axis, a second identical zia ring is stacked centered

with the first ring but rotated by 90◦. Since this design (far right
of Fig. 5) clearly does not have a horizontal mirror symmetry
plane, it satisfies the requirements for the C2v symmetry
group.

To find the resonant modes of the zia design, each symmetry
operation of the character table of the C2v point group
must be applied to a set of basis currents chosen for a
given zia design. The basis vectors can be represented as
current segments of the simplified zia topology, as shown

066603-9



CHARLES M. REINKE et al. PHYSICAL REVIEW E 83, 066603 (2011)

FIG. 16. (Color online) (a) Character table of the D2 group, the simplest symmetry group that fits the necessary specifications for a chiral
MM. (b) A corresponding element design based on the zia ring.

in Fig. 7 for a given set of assumed bases. Next, the effect
of each symmetry operation on the current basis elements
can be tabulated, as shown in Table I, and the number of
times each irreducible representation occurs, am, calculated
as

am = 1

h

�
i

niχ (i) χm (i) , (3)

where h is the number of symmetry operations in the point
group, ni is the number of symmetry operations in each class i,
χ is the character of a reducible representation, and χm is the
character of the irreducible representation. This calculation
performed for the zia design represented in Fig. 7 results in a re-
ducible representation that can be written as � = 4A1 + 6A2 +
5B1 + 5B2. The modes of the zia design are generated by
applying the symmetry operations, as shown in the following
expression:

⎡
⎢⎣

φ� (A1)
φ� (A2)
φ� (B1)
φ� (B2)

⎤
⎥⎦ =

⎡
⎢⎣

1 1 1 1
1 1 −1 −1
1 −1 1 −1
1 −1 −1 1

⎤
⎥⎦

·

⎡
⎢⎢⎣

e1 e2 e3 e4 e5 e6 e7 e8 e9 e10 e11 e12 e13 e14 e15 e16 e17 e18 e19 e20

e6 e7 e8 e9 e10 e1 e2 e3 e4 e5 e16 e17 e18 e19 e20 e11 e12 e13 e14 e15

−e5 −e4 −e3 −e2 −e1 −e10 −e9 −e8 −e7 −e6 −e20 −e19 −e18 −e17 −e16 −e15 −e14 −e13 −e12 −e11

−e10 −e9 −e8 −e7 −e6 −e5 −e4 −e3 −e2 −e1 −e15 −e14 −e13 −e12 −e11 −e20 −e19 −e18 −e17 −e16

⎤
⎥⎥⎦,

(4)

where ϕ� represents a mode of the element. Finally, the four
modes represented in the reducible representation are shown in
Fig. 8 for one of the equivalent topologies possible as allowed

by the C2v point-group symmetry operations. Note that group
theory guarantees that if either the electric or magnetic field
is coupled and resonates, the other field (either magnetic or

TABLE I. Effect of C2v symmetry operations on the current basis elements.

C2v e1 e2 e3 e4 e5 e6 e7 e8 e9 e10 e11 e12 e13 e14 e15 e16 e17 e18 e19 e20 χ�

E e1 e2 e3 e4 e5 e6 e7 e8 e9 e10 e11 e12 e13 e14 e15 e16 e17 e18 e19 e20 20
C2 e6 e7 e8 e9 e10 e1 e2 e3 e4 e5 e16 e17 e18 e19 e20 e11 e12 e13 e14 e15 0
σxz −e5 e4 −e3 e2 e1 e10 e9 e8 e7 −e6 e20 e19 e18 e17 e16 e15 e14 −e13 −e12 −e11 −2
σyz −e10 e9 −e8 e7 e6 −e5 e4 e3 e2 −e1 e15 e14 e13 e12 e11 e20 e19 e18 −e17 −e16 −2
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FIG. 17. (Color) Field plot of electrical current on the chiral MM elements, verifying that the zia elements are in fact excited by left or right
circularly polarized incident radiation.

electric) will be coupled and resonate as well, ensuring that
both effects will be tied together and thus occur at the same
frequency.

To test the validity of the behavior predicted by group
theory, simulations of the zia design were performed using the
commercial software package CST MICROWAVE STUDIOTM. The
frequency domain solver was used for this application, with
unit cell (i.e., periodic) boundary conditions implemented
to simulate an infinitely large sheet in the in-plane direc-
tions of the MM. The single-layer-thick zia structure was
modeled with 1-μm-thick traces composed of gold in air
as host material; with nominal dimensions listed in Table II
corresponding to the parameters in Fig. 9. Plane waves were
launched perpendicular to the MM sheet from both sides
using vertical and horizontal linear polarizations: vertical
linear and horizontal linear. Although at the wavelength of
excitation the MM appears essentially identical from either
side of the sheet, both ports were allowed to be the source
to verify the reciprocity of the MM. Same-polarization and
cross-polarization terms were also calculated to study whether

the design preserves the incident polarization or imposes an
abnormal polarization rotation. Thus a total of 16 S-parameter
results were calculated for each two-port simulation: four
corresponding to the various S parameters for each polarization
multiplied by the four possible self- and cross-polarization
permutations. Each parameter has the form Si ,p,j,q , where
i represents the output port number (1 or 2), p represents
the polarization measured at the output port (vertical or
horizontal), j represents the input port number (1 or 2), and q
represents the polarization radiated at the input port (vertical
or horizontal); for instance, S2,v,1,h represents the transmission
coefficient from port 1 radiating a horizontally polarized wave
to port 2 detecting a vertically polarized wave. Since according
to Eq. (2) the polarization of an incoming wave is preserved
by this MM (no rotation of polarization), it is expected that
Si,p,j,q ≈ 0 ∀i,j,p �= q. Furthermore, since this is a passive
MM possessing C2v symmetry, we can further predict that
Si,p,j,p ≈ Sj,q,i,q ∀p,q,i �= j and Si,p,i,p ≈ Sj,q,j,q ∀p �=
q,i �= j . This behavior can be deduced from Fig. 10, where the
simulated S parameters are plotted for frequencies from 67 to

TABLE II. Dimensions of zia element parameters shown in Fig. 9.

Parameter d rir fw fl fg rw Period, a Side

Dimension 50 μm 100 μm 10 μm 100 μm 1 μm 10 μm 4rir = 400 μm 0 (centered)
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FIG. 18. (Color) (a) Transmission and reflection for left and right circular polarizations with incidence from the front and the back of the
chiral MM cube. (b) Phase of the transmitted and reflected waves corresponding to the plots in (a).

800 GHz. Three groups of terms can clearly be distinguished:
the two same-polarization groups, between 0 dB and roughly
−30 dB, and the cross-polarization group, below −30 dB.

As mentioned in the previous section, group theory predicts
bianisotropic behavior for a MM with elements having C2v

symmetry; however, no actual information is provided about
either the existence of resonances or their location in the
electromagnetic (EM) spectrum. In fact, the case could exist
where no resonances are found in the effective medium regime
(i.e., where the unit cell period � λincident), resulting in a
design with no actual MM behavior. To better understand
why no resonances appeared for this design in the effective

medium regime, the zia element currents from the simulations,
shown in Fig. 11, were compared with the mode predictions
in Fig. 8. The calculated currents agree with the predictions as
expected, and highlight the reason for the lack of resonance in
the structure. As seen in Fig. 11, there is no current circulation
around the zia due to lack of return path for the current to
form a closed loop. Instead, currents travel upward on both
sides of the structure to accumulate positive charges on the top
during one half period, then travel downward to accumulate
positive charges at the bottom during the other half period.
Thus to achieve a net current flow while preserving the C2v

symmetry, a bisecting rod was added to the design as illustrated

FIG. 19. (Color online) (a) Character table of the D2h group, a symmetry group that fits the necessary specifications for a biaxial MM.
(b) A corresponding element design based on the zia ring.
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TABLE III. List of symmetry groups and their corresponding
electromagnetic behaviors subject to the activity of the designated
modes.

Group Active modes Behavior

C1 A unspecified
Cs A�, A� � general bianisotropic
Ci Ag, Au biaxial
C2 A chiral

B bianisotropic
C3 A chiral

E general bianisotropic
C4 A chiral

B unspecified
E general bianisotropic

C5 A chiral
E1,E2 general bianisotropic

unspecified
C6 A chiral

B, E2 unspecified
E1 general bianisotropic

C7 A chiral
E1 general

E2, E3 bianisotropic unspecified
C8 A chiral

B, E2, E3 unspecified
E1 general bianisotropic

C2v A1, A2 uniaxial
B1, B2 bianisotropic

C3v A1, A2 uniaxial
E general bianisotropic

C4v A1, A2 uniaxial
B1, B2 unspecified

E general bianisotropic
C5v A1, A2 uniaxial

E1 general bianisotropic
E2 unspecified

C6v A1, A2 uniaxial
B1, B2, E2 unspecified

E1 general bianisotropic
C2h Ag, Au uniaxial

Bg, Bu biaxial
C3h A�, A� � uniaxial

E�, E� � general anisotropic
C4h Ag, Au uniaxial

Bg, Bu unspecified
Eg, Eu general anisotropic

C5h A�, A� � uniaxial
E1�, E1� � general
E2�, E2� � anisotropic

unspecified
C6h Ag, Au uniaxial

Bg, Bu, E2g, E2u unspecified
E1g, E1u general anisotropic

D2 A unspecified
B1, B2, B3 chiral

D3 A1 unspecified
A2 chiral
E general bianisotropic

TABLE III. (Continued.)

Group Active modes Behavior

D4 A1, B1, B2 unspecified
A2 chiral
E general bianisotropic

D5 A1, E2 unspecified
A2 chiral
E1 general bianisotropic

D6 A1, B1, B2, E1 unspecified
A2 chiral
E2 general bianisotropic

D2d A1, B1 unspecified
A2, B2 uniaxial

E general bianisotropic
D3d A1g, A1u unspecified

A2g, A2u uniaxial
Eg, Eu general anisotropic

D4d A1, B1, E2 unspecified
A2, B2 uniaxial
E1, E3 general bianisotropic

D5d A1g, E2g, A1u, E2u unspecified
A2g, A2u uniaxial
E1g, E1u general anisotropic

D6d A1, B1, E2, E3, E4 unspecified
A2, B2 uniaxial
E1, E5 general bianisotropic

D2h Ag, Au unspecified
B1g, B2g, B3g, B1u, B2u, B3u uniaxial, biaxial

D3h A1�, A1� � unspecified
A2�, A2� � uniaxial

E�, E� � general anisotropic
D4h A1g, B1g, B2g unspecified

A1u, B1u, B2u uniaxial
A2g, A2u general
Eg, Eu anisotropic

D5h A1�, A1� �, E1� unspecified
E1� � uniaxial

A2�, A2� � general
E1�, E1� � anisotropic

D6h A1g, B1g, B2g, E2g unspecified
A1u, B1u, B2u, E2u uniaxial

A2g, A2u general
E1g, E1u anisotropic

D8h A1g, B1g, B2g, E2g unspecified
E3g, A1u, B1u, B2u uniaxial

E2u, E3u general
A2g, A2u anisotropic
E1g, E1u

C∞v A1, A2 uniaxial
E1 bianisotropic

E2, E3, . . . unspecified
D∞h A1g, E2g, A2u, E2u, . . . unspecified

A2g, A1u uniaxial
E1g, E1u general anisotropic

S4 A, B uniaxial
E bianisotropic

S6 Ag, Au uniaxial
Eg, Eu general anisotropic

066603-13



CHARLES M. REINKE et al. PHYSICAL REVIEW E 83, 066603 (2011)

TABLE III. (Continued.)

Group Active modes Behavior

S8 A, B uniaxial
E1 bianisotropic

E2, E3 unspecified
T A, E unspecified

T general bianisotropic
Td A1, A2, E unspecified

T1, T2 general anisotropic
Th Ag, Au, Eg, Eu unspecified

Tg, Tu general anisotropic
O A1, A2, E, T2 unspecified

T1 general bianisotropic
Oh A1g, A2g, Eg, T2g unspecified

A1u, A2u, Eu, T2u, T1g, T1u general anisotropic
I A, T2, G, H unspecified

T1 general bianisotropic
Ih Ag, T2g, Gg, Hg unspecified

Au, T2u, Gg, Hg, T1g, T1u general anisotropic

in Fig. 12, giving rise to two current loops. Currents are allowed
to circulate by means of the capacitances provided by the
fingers of the modified zia design and can now be excited by
an incident electric field via the central “antenna” rod, while
the loop itself supplies a path for inductance and coupling
to a magnetic field. Using this design that provides both a
capacitive path on the upper zia ring and an inductive path
on the lower ring, resonance is guaranteed with its location in
frequency dependent only on the physical dimensions of the

modified zia, namely, the thicknesses and lengths of the fingers
and rings, and the separations among the fingers and rings. It
has been previously reported that an electric field that crosses
the gaps (perpendicular to the gaps) is necessary to obtain a
resonance [18]. However, this turns out to be highly dependent
on the topology of the MM element; resonant behavior is more
dependent on symmetry of the paths parallel to the electric
field than the orientation of the capacitive gaps. In fact, the
existence and intensity of a resonance depends upon the shape
of the paths that form the loop which the current flows around.
If a closed path that is asymmetric with respect to the electric
field can be found, a current will flow around it; and if a gap
(or capacitance) exists along the path, a resonance, and hence
MM behavior, is possible. Thus a resonance can be observed
despite the fact that the electric field is oriented parallel to the
capacitive gaps instead of crossing them. This effect explains
the appearance of currents on the right ring in Fig. 12 and not
on the left ring.

The values of the four constitutive relations of the MM
were obtained using a retrieval code that was developed to
extract these values from the calculated S parameters. Since it
is assumed that the zia MM design is generally bianisotropic,
a simple isotropic retrieval code is not suitable. Thus a
code was developed that is able to recover the refractive
index n and the input impedance Z for both directions of
propagation, as long as they are perpendicular to the faces
of the MM. This is significant because although the zia MM
is reciprocal and thus has identical forward and backward
refractive indices, the forward and backward wave impedances
need not be the same. The impedance can be calculated directly
as

∓Z± = − (r+ − r−) ±
√

(r+ − r−)2 + [(1 − r+) (1 − r−) − t−t+] [(1 + r−) (1 + r+) − t−t+]

(1 − r+) (1 − r−) − t−t+
, (5)

where t refers to transmission coefficients and r refers to
reflection coefficients, and the refractive index can be found
through the relationship

cos (kn±d)= 1

2

[
(1 ± Z±) t−

1+r−±Z± (1−r−)
+ (1∓Z±) t+

1+r+∓Z± (1−r+)

]
,

(6)

where k is the wave number and d is the thickness of the MM
layer; care should be taken to ensure that the correct branch
is chosen when inverting the cosine function. Note that the
transmission and reflection coefficients are directly related to
the S parameters as t− = S12, t+ = S21, r+ = S11, and r− = S22.
The constitutive parameters εxx, μzz, ξxy , and ζ yx can be found
for a wave with perpendicular incidence from the impedance
and refractive index as

εr = n+ + n−
Z+ + Z−

, (7)

μr = n+ + n−
Z+ + Z−

Z+Z−,

ξxy =
√

μ0ε0

2

[
(n+ − n−) −

(
Z+ − Z−
Z+ + Z−

)
(n+ + n−)

]
,

ζxy =
√

μ0ε0

2

[
(n+ − n−) +

(
Z+ − Z−
Z+ + Z−

)
(n+ + n−)

]
,

(8)

where μ0 is the free-space permeability and ε0 is the free-space
permittivity.

A series of CST simulations were run to study the
topological scaling behavior of the modified zia design and
verify that resonances occur as expected due to the asymmetry
of the current paths parallel to the electric field. The values of
the constitutive parameters were calculated using the retrieval
code for each topology. First, an excitation at perpendicular
incidence was used to probe the bianisotropic character of the
modified zia MM, as shown in Fig. 13(a), with the values of fl ,
rir , and d (see Fig. 9) scaled independently from their initial
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values of 100, 125, and 50 μm, respectively. Resonant behavior
is clearly evident in the refractive index [Figs. 13(b), 13(d), and
13(f)] and impedance [Figs. 13(c), 13(e), and 13(g)] response
of the MM. The refractive index increases as expected as fl

is increased from 50 to 139 μm [Fig. 13(b)], since increasing
the finger length effectively increases the capacitance of the
zia ring. Correspondingly, the impedance, being inversely
proportional to the capacitance, decreases as fl is increased
[Fig. 13(c)]. The wavelength is proportional to the capacitance
as well as the inductance, and thus increases with increasing
fl [Figs. 13(b) and 13(c)], and as rir is increased from 75 to
125 μm [Figs. 13(d) and 13(e)], since increasing zia ring radius
effectively increases the inductance of the MM. In addition,
the retrieved values in each figure are plotted for normal
incidence from both the top (solid curves) and the bottom
(dashed curves), demonstrating the reciprocal nature of this
MM. It is noted that no resonance appears for d = 10 μm, and
saturation of the tuning seen for d > 50 μm [Figs. 13(f) and
13(g)]. However, much more interesting is that the resonant
frequency shifts in the opposite direction as d is increased as fl

or rir , indicating that the separation between the zia rings can
be used as a tuning parameter with opposite behavior from the
other design parameters yielding an added degree of freedom
for tuning.

Next, the same parameter sweeps were performed with the
excitation parallel to the plane of the modified zia rings, as
shown in Fig. 14(a). Resonant behavior is again observed, with
much larger shifts in the resonant frequency as the topological
parameters are changed, particularly for d [Figs. 14(f) and
14(g)], where resonant behavior is seen for all values. The
refractive index and impedance values exhibit similar tuning,
although with significantly larger magnitudes, most notably
the imaginary parts. Also, the inductive coupling is now
much stronger due to the alignment of the magnetic field
perpendicular to the plane of the zia rings, resulting in larger
refractive index and impedance values and an increasing trend
as rir is increased [Fig. 13(e)]. The shift in resonant wavelength
with d again appears to saturate above d = 50 μm [Figs. 14(f)
and 14(g)], but has a stronger effect due the orientation. This
again offers an additional degree of freedom in tuning the
behavior of the MM, and effectively relaxes the constraints for
fabrication, since the resonant frequency can be shifted over a
relatively large range without having to change the period of
the MM.

Since group theory predicts bianisotropic behavior only
for perpendicular incidence, it is also possible to verify
the model by checking for the absence of bianisotropic
response for parallel incidence. Thus ξxy , and ζ yx were
calculated for various values of rir for both perpendicular
[Figs 15(a) and 15(b), respectively] and parallel [Figs. 15(c)
and 15(d), respectively] excitation. Although at first glance
there appears to be resonant behavior for parallel incidence, the
parameter values are nearly two orders of magnitude smaller
than the corresponding values for perpendicular incidence
thus confirming the lack of bianisotropy. Also note that the
wavelength again increases with rir , as well as ξxy and ζ yx ,
being directly proportional to the impedance.

The addition of the bisecting rod resulted in a clear reso-
nance within the effective medium regime of the MM, which
confirms the necessity of a return path for the currents to form

a closed loop. The MM behavior is clearly demonstrated by
the artificial values of permittivity and permeability obtained,
as evidenced by the artificial indices of refraction that vary
over a range as large as 0.1 < n < 5 for both perpendicular
and parallel incidence.

V. DESIGN AND SIMULATION OF A CHIRAL
METAMATERIAL

In addition to bianisotropic behavior, metamaterials ex-
hibiting chiral behavior have elicited much interest. To
demonstrate the power of the inverse group-theory approach,
in this section we outline the process for design of a chiral
MM element. In such materials, the direction of polarization
of linearly polarized light is rotated as the beam propagates
through the material, or alternatively, left circular polarized
light will have a different transmission coefficient through the
material than right circular polarized light. An example of an
electromagnetic constitutive relationship for a chiral material
is given in Eq. (9), from which it can be deduced that the
corresponding symmetry group must have ri ,Ri modes, i.e.,
rx ,Rx ; ry ,Ry ; and rz,Rz,

�
¯̄ε ¯̄ξ
¯̄ζ ¯̄μ

�
=

⎡
⎢⎢⎢⎢⎢⎣

εxx 0 0 ξxx 0 0
0 εyy 0 0 ξyy 0
0 0 εzz 0 0 ξzz

ξxx 0 0 μxx 0 0
0 ξyy 0 0 μyy 0
0 0 ξzz 0 0 μzz

⎤
⎥⎥⎥⎥⎥⎦

. (9)

The simplest symmetry group that fits the necessary
specifications is D2; the character table of this group is shown
in Fig. 16(a).

To design a suitable MM element belonging to this group,
we will start with the zia element and follow the decision
chart shown in Fig. 6. The zia element by itself is immediately
excluded from the first two sets of groups, those of low and
high symmetry. Since a cube element topology is desired to
enable stacking for a complete 3D MM, the C3 axes inherent in
the cube geometry must be broken; this was done by rotating
the zia rings on the faces perpendicular to the x and y directions
by 45◦ in alternating directions, as shown in Fig. 16(b). The
highest-order rotation axis is now a C2 axis, and since we want
D group symmetry, at least one other perpendicular C2 axis
must be preserved. Next, any horizontal mirror planes must
be eliminated to avoid the Dnh groups, while maintaining a
perpendicular C2 axis. This was achieved by adding 90◦ bends
to the extended fingers of the zia design in opposite directions
top and bottom, as shown in Fig. 16(b), and then placing the zia
elements centered on the six faces of a cube but rotated 180◦
with respect to the central rod, thus restoring the perpendicular
rotation axes without adding any mirror symmetry planes. This
final design clearly does not have a diagonal mirror symmetry
plane, thus satisfying the requirements for the D2 symmetry
group. As shown in the character table in Fig. 16(a), chiral
behavior requires the activity of all of the B modes (i.e., B1,
B2, and B3). Following the approach outlined in the previous
section, a calculation of the reducible representation of this
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FIG. 20. (Color) Field plot of electrical current on the biaxial MM elements, verifying that the zia elements are in fact excited linearly
polarized incident radiation.

zia MM element, � = 3A1+5B1+5B2+5B3, indicates that all
four modes are active and thus chiral behavior is possible.

Next, the chiral MM design was simulated using CST

MICROWAVE STUDIOTM to confirm the presence of the specified
behavior. The field plot of electrical current on the MM
elements, shown in Fig. 17, verifies that the zia elements are in
fact excited by left or right circular polarized incident radiation.
The zia elements in this case already include the central rod
added to the bianisotropic design, to ensure that the electric
field could couple to the metal traces and generate currents. The
plots in Fig. 18(a) show the transmission and reflection for the
two polarizations with incidence from the front and the back
of the MM cube. As expected, the transmission (reflection)
in the same direction differs for the left circular polarized
beam as compared with the right circular polarized beam,
indicating chiral behavior. Also, the transmission (reflection)
with opposite incident directions for the two polarizations is
the same, indicating that this MM is not symmetric with respect
to the left- and right-hand orientations. Similar behavior is seen
for in the plots of the phase for the transmitted and reflected
beams, shown in Fig. 18(b), confirming that it is indeed a chiral
material.

VI. DESIGN AND SIMULATIONS OF A BIAXIAL
METAMATERIAL

As a final example, another metamaterial having electro-
magnetic tensor corresponding to a biaxial, or trirefringent,
material is designed here. In such a material, the index of
refraction experienced by an incoming beam of light depends
on the angle of incidence and the state of polarization of the
beam, with three independent values possible. An example of
an electromagnetic constitutive tensor for a biaxial material
is given in Eq. (10), which corresponds to a symmetry group
having at least two ri modes and two Ri modes, in this case
rx ; ry ; Rx ; and Ry ; all of which must be independent. The
symmetry point group corresponding to this behavior that will
be used here is D2h, as shown in Fig. 19(a).

�
¯̄ε ¯̄ξ
¯̄ζ ¯̄μ

�
=

⎡
⎢⎢⎢⎢⎢⎣

εxx 0 0 0 0 0
0 εyy 0 0 0 0
0 0 1 0 0 0
0 0 0 μxx 0 0
0 0 0 0 μyy 0
0 0 0 0 0 1

⎤
⎥⎥⎥⎥⎥⎦

. (10)
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FIG. 21. (Color) Field vectors of the beam exiting the MM under linearly polarized incident, where the field vectors can be seen to be
rotating during each cycle of the electromagnetic oscillation at (a) 45◦, (b) 135◦, (c) 225◦, and (d) 315◦, indicating elliptical polarization and
hence biaxial behavior of the material.

The design of this MM element again begins with the zia
element. Following the decision chart shown in Fig. 6, an
element is desired that belongs to neither a low nor high sym-
metry group and has one or more rotational axis perpendicular
to its C2 axis, thus making it a D group. As with the previous
designs, a cube element topology is desired here, which again
required breaking the C3 axis symmetries by rotating the zia
rings on the faces perpendicular to the x and y directions by
45◦ in alternating directions, as shown in Fig. 19(b). However,
diverging from the chiral design described above, we now want
a horizontal mirror plane to satisfy the D2h group symmetry
requirements, which is already accomplished by basic zia
design for the two parallel rings. The final modification is
to place the zia elements on the six faces of a cube to create
a stackable 3D structure, since otherwise the MM will be
constrained to a planar-only topology. Aligning each opposing
zia pair with the rods aligned, as shown in Fig. 19(b), ensures
that all rotational axes and mirror planes are preserved. Once
again, by analogy to the calculation performed previously,
the resulting reducible representation of this MM element

is � = 3Ag+5(B1g+B2g+B3g) +4(B1u+B2u+B3u), which
clearly contains all of the B modes necessary to enable biaxial
behavior.

The biaxial MM design was also simulated using CST
to verify the specified behavior. The field plot of electrical
current on the MM elements, shown in Fig. 20, verifies that
the zia elements are in fact excited linearly polarized incident
radiation. In such a material, an incident beam that is linearly
polarized with the polarization aligned with the principle
axes of the material will maintain its state of polarization
but experience a different refractive index depending on
the principle axis of the material to which it is aligned.
However, if the polarization is aligned at an angle between
the principle axes, the incident linear polarized light will leave
the material with an altered polarization state after propagation
through it, exiting with generally elliptical polarization. This
change of polarization can be observed in Fig. 21, where
the field vectors of the beam exiting the MM under linearly
polarized incident radiation can be seen to be rotating during
each cycle of the electromagnetic oscillation, indicating
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elliptical polarization and hence biaxial behavior of the
material.

Finally, to avoid the issues of ill-defined problems and
cost functions, we have listed the various groups with the
possible corresponding behaviors in Table III to demonstrate
that while other functionalities may be possible, only the
behaviors identified with a specific group are well defined from
a group-theoretical inverse design point of view. In addition,
the demonstration of a given behavior is subject to the activity
of the necessary modes of the symmetry group. Thus there
are 48 groups with corresponding possible functionalities; if a
desired behavior falls outside these functionalities, the design
may represent a nonphysical problem and at a minimum be ill
defined in terms of a group-theory design approach.

VII. CONCLUSIONS

It has been demonstrated that group theory can be an
invaluable framework for designing MM structures, enabling
the prediction of electromagnetic behavior and modal activity
based on the MM element unit cell alone. However, we have
shown that the real strength of group theory applied to MM
design lies in the ability to address the inverse design problem,
narrowing the infinite choice of possible MM element to
a defined set of symmetry choices based on the choice of
a desired electromagnetic constitutive relationship. We also
introduced the zia element as a flexible and practical topology
from which to build an arbitrary MM design. The power of the
inverse-problem solution via group theory was demonstrated
with the design of a bianisotropic, chiral, and biaxia MM,
using the zia design template as the starting point. The value

of the zia MM was highlighted for the bianisotropic design,
where it provided several degrees of freedom that allowed for
engineering of tailored refractive index and impedance values
over a relatively wide range of frequencies, with demonstrated
tuning of the refractive index from 2.5 at λ ≈ 2200 μm
(135 GHz) to 4 at λ ≈ 3500 μm (85 GHz).

Simulations confirmed that strong coupling between elec-
tric and magnetic fields was achieved for our bianisotropic
MM at a resonance frequency and perpendicular incidence
that was absent at parallel incidence, confirming the behavior
of the design. Simulation results for the chiral MM showed the
characteristic difference in transmission amplitude and phase
for right-handed vs left-handed polarization. Also, the rotation
of polarization resulting in off-axis linear polarization convert-
ing to elliptical polarization inherent in biaxial materials was
evidenced in our biaxial MM design. Thus this group-theory
approach to the inverse MM design problem represents a
formidable technique for the design and optimization of MM
devices.
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